Abstract: A direct explicit Runge-Kutta type (RKT) method via shooting technique to approximate analytical solutions to the third-order two-point boundary value problems (BVPs) with boundary condition type I and II are proposed. In this paper first, a three-stage fourth-order direct explicit RungeKutta type method denoted as RKT3s4 is constructed. A new algorithm of shooting technique for solving two-point BVPs for third-order ordinary differential equations (ODEs) is presented.
Introduction
Numerous problems in mathematics can be formulated in the form of differential equations, an initial value problem (IVP) is an ordinary differential equation (ODE) whose boundary conditions are specified at a single point, which can be found in mathematical modeling of real-life problems [1] - [3] . There is also another class of the ODE which is the boundary value problem (BVP), a BVP differs from an IVP in that the boundary conditions are specified at more than one point and in that solutions of the differential equation over an interval, satisfying the boundary conditions at the endpoints, are required ([4], p.1). BVP arises in several branches of engineering and applied sciences including fluid dynamics and chemical reactions, elastic beams, etc. (see [5] , p.7 -p.27).
In this work, we concentrate on finding an approximate solution to twopoint BVPs with boundary conditions type I and II of the form
with boundary conditions: (a) Type I u(a) = α, u ′ (a) = β, u(b) = γ.
(b) Type II u(a) = α, u ′ (a) = β, u ′ (b) = λ.
where a, b, α, β, γ, and λ are constants, the proof of existence and uniqueness of solutions to two-point BVPs of third-order ODE is possible, see Henrici [6] . For analytical solutions of the IVPs and BVPs, analytical methods are seldom used since most of the problems encountered were difficult, with either complex differential equations or complex boundary conditions ([7] , [8] ) or sometimes finding an analytical solution to some ODE applications is complicated or impossible, therefore recourse to numerical methods in such cases is almost the only choice. For several years, various numerical methods have been derived to handle the IVPs and BVPs, which is a subject can be treated separately. The numerical procedures for the solution of the IVP can be classified into two major groups: one-step methods and multi-step methods. One of the advantages of one-step methods is that it can change the step size easily at different [11] ), the quasilinearization method ( [12] , [13] ), the monotone iterative method ( [14] , [15] ), and the variational iteration method ( [16] , [17] ). Burden and Faires [1] have used RK method (after transferring it into the system of first-order) via shooting technique to solve second-order two-point linear BVP with Dirichlet boundary condition. However, many researchers ( [18] , [19] ) have shown that using direct RK approach to solve higher-order ODE without reducing it first to a system of first-order is superior and more efficient than the conventional RK. Where there is no need to increase the number of equations and calculating more function evaluations which lead to a time-consuming process and more human effort as in classical RK. Therefore, the purpose of this study is to construct a direct and effective method of Runge-Kutta type with less computation time and function evaluations to solve two-point BVPs of third-order with boundary conditions type I and II, algorithm of shooting technique was offered to develop the approximate analytical solutions.
The organizing of this paper is as follows: In Section 2, the construction of the explicit RKT3s4 method is presented. The explanation of the new shooting technique algorithm is given in Section 3. In Section 4, four problems numerically examined the efficiency of the RKT3s4 method as compared to the existing method and the last section, deals with the conclusions.
Construction of the Explicit RKT3s4 Method
In this section, an explicit three-stage RKT method of order-four will be derived. The general µ-stage RKT method for the differential equation
given by 
where
for i = 2, 3, . . . , µ, where c i , a ij , b i ,b i , andb i for i = 1, 2, . . . , µ and j = 1, 2, . . . , µ are the parameters of the RKT method and they supposed to be real. RKT method is said to be explicit when a ij = 0 for i ≤ j, otherwise it is an implicit method. RKT method (5)-(8) can be written by the well-known Butcher tableau as follows (see Table 1 ): To derive the RKT3s4 method, we will use the order conditions that have given by Mechee et al. [20] up to fifth-order for u, u ′ , and u ′′ . The order conditions of µ-stage RKT method up to fifth-order as given in [20] are given as follows.
The order conditions for u: Order 3:
Order 4:
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Order 5:
The order conditions for u ′ : Order 2:
Order 3:
The order conditions for u ′′ : Order 1:
Order 2:
Now, assume that c 3 = 1, as a result, we will have a system of nonlinear equations, consisting of ten nonlinear equations with fourteen unknown variables that have not yet been resolved, as follows:
Accordingly, the system has a solution based on three free parameters b 2 , a 2,1 , and a 3,1 as follows:
Based on Dormand [21] , the free parameters are chosen by minimizing the error equations. The global error of the fifth-order conditions is defined as DIRECT ONE-STEP METHOD FOR SOLVING... 
where T ′′(5) , T ′(5) , and T (5) are the local truncation error terms of the RKT methods for u ′′ , u ′ , and u respectively and T (5) g is the global truncation error. Based on the free parameters b 2 , a 2,1 , and a 3,1 we get the global truncation error term of fifth-order condition for u, u ′ , u ′′ as follows:
(19200 a −1120 a 2,1 − 120 a 3,1 − 720
Then, minimizing equation (43) with respect to the free parameters b 2 , a 2,1 , and a 3,1 by using Maple software (Minimize command in Optimization package) to obtain b 2 = Table 2 ):
Shooting Method for Linear BVP
Shooting technique is used to convert the BVP to IVPs. The idea of shooting technique is to obtain the missing initial value until the boundary condition at 162 A. Abdulsalam, N. Senu, Z.A. Majid the other end converges to its correct value. When we use the shooting method, we transform (1) into IVP of the form
where λ 1 is any number. Then the resulting IVP will be solved using RKT method.
Reduction to Three IVPs:
The solution of a linear two-point BVP is associated with the formation of a linear combination of the solutions to three IVPs. The form of the IVPs as follows.
Suppose that ψ(t) is the unique solution to the IVP
Suppose that ρ(t) is the unique solution to the IVP
Suppose that ϑ(t) is the unique solution to the IVP
Then the linear combination
is a solution to the BVP (1).
For the boundary condition type I, the solution u(t) in equation (47) takes on the boundary values. Then the linear combination
Imposing the boundary conditions u ′ (a) = β and u(b) = γ in (51) and (52) produces θ 1 = β and
. Therefore, if ϑ(b) = 0, the unique solution of the two-point BVP (1) with boundary condition type I is given by:
For the boundary condition type II, the solution u(t) in equation (47) takes on the boundary values. Then the linear combination
Imposing the boundary conditions u ′ (a) = β and u ′ (b) = λ in (57) and (58) produces θ 1 = β and
. Therefore, if ϑ ′ (b) = 0, the unique solution of the two-point BVP (1) with boundary condition type II is given by:
Algorithm 1: RKT Method via Linear Shooting Technique:
To approximate the solution of BVP (1) Step 2: For i = 0, . . . , N − 1 do Step 3 and Step 4.
(RKD method is used in Step 3 and Step 4.)
Step 3: Set t = a + ih.
Step 4: Set
a ij κ j );
iκi ;
Step 5: (For boundary condition type I)
Step 5: (For boundary condition type II) set ϕ 1,0 = α ; ϕ 2,0 = β; ϕ 3,0 = (γ−ψ 2,N −ϕ 2,0 ρ 2,N ) ϑ 2,N ; OUTPUT (a, ϕ 1,0 , ϕ 2,0 , ϕ 3,0 ).
Step 6: For i = 1, . . . , N set Ω1 = ψ 1,i + ϕ 2,0 ρ 1,i + ϕ 3,0 ϑ 1,i ; Ω2 = ψ 2,i + ϕ 2,0 ρ 2,i + ϕ 3,0 ϑ 2,i ; Ω3 = ψ 3,i + ϕ 2,0 ρ 3,i + ϕ 3,0 ϑ 3,i ; t = a + ih; OUTPUT (t, Ω1, Ω2, , Ω3).
Step 7: Complete. 
Numerical Results
In this section, we selected four problems to test the performance of the RKT3s4 method in terms of accuracy and effectiveness. The first two problems are BVP problems, while the second problems are a class of BVP called self-adjoint singularly perturbed boundary value problems (SPBVPs).
For the numerical comparisons, we chose the following fourth-order RK types methods of comparisons for the first and second problems, whereas for SPBVPs we wanted to examine whether the new method could solve this type of problem or not, for this we compared with Quartic B-spline methods. Taking into consideration that the Quartic B-spline and Runge-Kutta type methods have different behavior.
All calculations were performed using the code written by us in C program.
• RKT3s4: The three-stage fourth-order explicit RKT method derived in this paper;
• RKD4M: The three-stage fourth-order RKT method of [23] ;
• RK4: The four-stage fourth-order RK method given in [22] ;
• RK4Z: The five-stage fourth-order RK method of [24] ;
• F.N: The number of function evaluations;
• MAXE: Max (|y(t n ) − y n |) which is the maximum between absolute errors of the exact solutions and the computed solutions; Problem 1. (See Arshad et al. [25] ) Consider the inhomogeneous linear twopoint BVP
The analytic solution is given by
Problem 2. (See Abd El-Salam et al. [26] ) Consider the inhomogeneous linear two-point BVP
Problem 3. (See Saini et al. [27] ) Consider the inhomogeneous two-point SPBVP
Problem 4. (See Saini et al. [27]) Consider the inhomogeneous two-point SPBVP
− ǫu ′′′ + u = 81ǫ 2 cos 3t + 3 ǫ sin 3t,
The analytic solution is given by u(t) = 3 ǫ sin 3t.
It is easy to note through Figures 1, 2 that RKT3s4 method performs well when integrating third-order BVP compared to RKD4M, RK4, and RK4Z methods and we can observe from Tables 3, 4 that the numerical results for the RKT3s4 agree to one decimal place when compared with the fourth-order RK methods (RKD4M, RK4, and RK4Z). Add to that, the figures confirm that RKT3s4 method requires fewer function evaluations than RK4 and RK4Z methods. That is because when we solve problems (1), (2) using RK4 and RK4Z methods, we need to reduce them to a system of first-order BVPs which is three times the dimension. Therefore, using a direct method means skipping the step which involves solving the system of linear differential equations which can save a large amount of work, in terms of the number of function evaluations. As for solving third order SPBVP with respect to different values of ǫ, we observed that the results obtained in Tables 5, 8 showed the efficiency of the new method. Figures 3, 4 are also visualized comparing the given tables. Thus, the RKT3s4 method is very efficient and accurate to evaluate according to the given problems and boundary conditions.
Conclusion
The two-point boundary value problems of third-order ordinary differential equations with boundary conditions type I and type II, can be solved using the direct method of Runge-Kutta via shooting technique. The experiments have shown that the new method worked well, as expected, which is to say that using a direct method to solve the higher-order ordinary differential equations is not only most efficient in terms of the absolute maximum global error but is Table 6 : Maximum error of Problem 3 in Saini [27] .
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